In this paper, we consider bootstrapping cointegrating regressions. It is shown that the method of bootstrap, if properly implemented, generally yields consistent estimators and test statistics for cointegrating regressions. We do not assume any speci¯c data generating process, and employ the sieve bootstrap based on the approximated¯nite-order vector autoregressions for the regression errors and the¯rst di®erences of the regressors. In particular, we establish the bootstrap consistency for OLS method. The bootstrap method can thus be used to correct for the¯nite sample bias of the OLS estimator and to approximate the asymptotic critical values of the OLS-based test statistics in general cointegrating regressions. The bootstrap OLS procedure, however, is not e±cient. For the e±cient estimation and hypothesis testing, we consider the procedure proposed by Saikkonen (1991) and Stock and Watson (1993) relying on the regression augmented with the leads and lags of di®erenced regressors. The bootstrap versions of their procedures are shown to be consistent, and can be used to do inferences that are asymptotically valid. A Monte Carlo study is conducted to investigate the¯nite sample performances of the proposed bootstrap methods.
Introduction
The bootstrap has become a standard tool for the econometric analysis. Roughly, the purpose of using the bootstrap methodology is twofold: To¯nd the distributions of statistics whose asymptotic distributions are unknown or dependent upon nuisance parameters, and to obtain re¯nements of the asymptotic distributions that are closer to the¯nite sample distributions of the statistics. It is well known that the bootstrap statistics have the same asymptotic distributions as the corresponding sample statistics for a very wide, if not all, class of models, and therefore, the unknown or nuisance parameter dependent limit distributions can be approximated by the bootstrap simulations. Moreover, if properly implemented to pivotal statistics, the bootstrap simulations indeed provide better approximations to thē nite sample distributions of the statistics than their asymptotics. See Horowitz (2002) for an excellent nontechnical survey on the subject.
The purpose of this paper is to develop the bootstrap theory for cointegrating regressions. The bootstrap can be potentially more useful for models with nonstationary time series than for the standard models with stationary time series, since the statistical theories for the former are generally nonstandard and depend, often in a very complicated manner, upon various nuisance parameters. Nevertheless, the bootstrap theories for the former are much less developed compared to those for the latter. Virtually all of the published works on the theoretical aspects of the nonstationary bootstrap consider simple unit root models. See, e.g., Basawa et al. (1991) , Chang (2000) , Chang and Park (2002b) and Park (2000 Park ( , 2002 . The bootstrap cointegrating regression has been studied only by simulations as in Li and Maddala (1997) . The bootstrap method, however, is used quite frequently and extensively by empirical researchers to approximate the distributions of the statistics in more general models with nonstationary time series.
We consider the sieve bootstrap to resample from the cointegrating regressions. The method does not assume any speci¯c data generating processes, and the data are simplȳ tted by a VAR of order increasing with the sample size. The bootstrap samples are then constructed using the¯tted VAR from the resampled innovations. We show in the paper that under such a scheme the bootstrap becomes consistent for both the usual OLS and the e±cient OLS by Saikkonen (1991) and Stock and Watson (1993) . The sieve bootstrap can therefore be used to reduce the¯nite sample bias of the OLS estimator, and also to¯nd the asymptotic critical values of the tests based on the OLS estimator. The bootstrapped OLS estimator, however, is ine±cient just as is the sample OLS estimator. The bootstrap does not improve the e±ciency. To attain e±ciency, we need to bootstrap the e±cient OLS estimator. The sieve bootstrap can be naturally implemented to do resampling for the e±cient estimator, which itself relies on the idea of sieve estimation of the cointegrating regression. We show in the paper that the sieve bootstrap is generally consistent for the e±cient OLS method.
Though we focus on the prototype multivariate cointegration model in the paper for concreteness, the theory we derive here can be used to analyze more general cointegrated models. The immediate extensions are the cointegrating regressions with more°exible deterministic trends including those allowing for structural breaks. Cointegrating regressions with shifts in the coe±cients can also be analyzed using the methods developed in the paper. Moreover, our theory extends further to the cointegrating regressions represented as error correction models, seemingly unrelated cointegrated models and panels with cointegration in individual units. The sieve bootstrap proposed here can be applied to all such models only with some obvious modi¯cations. The estimation of and testing for the cointegration parameters can therefore be performed or re¯ned by the sieve bootstrap. It is well expected that the sieve bootstrap is consistent for the aforementioned models if implemented properly as suggested in the paper, and it can be proved rigorously, if necessary, using the theory established in the paper.
The rest of the paper is organized as follows. Section 2 introduces the model, assumptions and some preliminary results. The multivariate cointegrating regression with a detailed speci¯cation for data generating process is given, and a strong invariance principle, which can be used for both the sample and bootstrap asymptotics, is introduced and discussed. The standard asymptotic results for the cointegrating regressions are then derived. In Section 3, the sieve bootstrap procedure is presented, and the relevant bootstrap asymptotics are developed. The bootstrap consistency is established there. Section 4 summarizes our simulation study, and Section 5 concludes the paper. All the mathematical proofs are given in Section 6.
A word on notation. Following the standard convention, we use the superscript \¤" to signify whatever is related to the bootstrap samples and dependent upon the realization of the samples. The usual notations for the modes of convergence such as ! a:s: , ! p and ! d are used without additional references, and the notation = d denotes the equality in distribution. The stochastic order symbols o p and O p are also used frequently. Moreover, we often use such standard notations with the superscript \¤" to imply their bootstrap counterparts. We use the notation j ¢ j to denote the Euclidean norm for vectors and matrices, i.e., jxj 2 = x 0 x and jAj 2 = tr A 0 A for a vector x and a matrix A. For matrices, we also use the operator norm k¢ k, i.e., kAk = max x jAxj=jxj for a vector x and a matrix A which are of conformable dimensions. For a matrix A, vec(A) denotes a column vector which stacks row vectors of A.
The Model, Assumptions and Preliminary Results

The Model and Assumptions
We consider the regression model given by
for t = 1; 2; : : :, where
is an (`+ m)-dimensional stationary vector process. Under this speci¯cation, the model introduced in (1) becomes a multivariate cointegrating regression. For the subsequent development of our theory, we let x 0 be any random variable which is stochastically bounded, and let (w t ) be a linear process given by
where
We make the following assumptions.
Assumption 2.1 We assume (a) (" t ) are iid random variables such that E" t = 0, E " t " 0 t = § > 0 and Ej" t j a < 1 for some a¸4. (b) det ª(z) 6 = 0 for all jzj · 1, and
The conditions in Assumption 2.1 are not necessary for our results in this section. In particular, the iid assumption on the innovation (" t ) is not required. It is introduced here just to make our forthcoming bootstrap procedure more meaningful. All the subsequent theoretical results may be obtained under weaker martingale di®erence assumptions on (" t ). Also, 1-summability of (ª k ) is assumed to simplify the proofs, and can be weakened to 1=2-summability. Yet, a wide class of cointegrated models, including Gaussian error correction models considered in Johansen (1988 Johansen ( , 1991 , can be represented as the model speci¯ed in (1) and (2) with (" t ) and (ª k ) satisfying the conditions in Assumption 2.1.
Invariance Principles
For the iid random vectors (" t ), we de¯ne
Then the invariance principle for the iid random vectors (" t ) holds, i.e.,
where W is a vector Brownian motion with variance §. In particular, we have Lemma 2.2 Let Ej" t j a < 1 for some a > 2. Then we may de¯ne on a common probability space W n and W such that
for any numerical sequence (c n ), c n = n 1=a+± for some ± > 0, where K is an absolute constant depending only on a and`+m.
Lemma 2.2 follows immediately from the strong approximation result established in Einmahl (1987) . For any given a > 2, we may choose ± such that 0 < ± < 1=2¡1=a to show
and therefore, the invariance principle (3) follows directly from Lemma 2.2. The use of strong approximation for the proof of the invariance principle (3) is very useful in our context, since it can also be directly applied to derive the corresponding invariance principle for the bootstrap samples. This will be shown in the next section. The invariance principle for (" t ) directly carries over to the one for (w t ). We have from the Beveridge-Nelson decompostion that
i=k+1 ª i , and therefore,
where sup
since ( ¹ w n ) is well-de¯ned and stationary under our 1-summability condition on (ª k ). The reader is referred to Phillips and Solo (1992) for more details. It now follows immediately from (4) that
where B is an (`+m)-dimensional vector Brownian motion with variance -= ª(1) §ª(1) 0 . We call -the longrun variance of (w t ). If we let ¡(k) = Ew t w 0 t+k be the autocovariance function of (w t ), then we may de¯ne the longrun variance of (w t ) as -= P 1 k=¡1 ¡(k). Correspondingly, we denote by ¢ the one-way longrun variance of w t , i.e., ¢ = P 1 k=0 ¡(k). We let B = (B 0 1 ; B 0 2 ) 0 and partition -= (-ij ) and ¢ = (¢ ij ) into cell matrices for i; j = 1; 2, conformably with w t = (u 0 t ; v t ) 0 .
Inference on Parameters
As is well known, the parameter ¦ in the multivariate cointegrating regression (1) can be consistently estimated by the OLS estimator¦ n , whose limiting distribution is given by
as n ! 1. Though the OLS estimator¦ n is super-consistent, it is asymptotically biased and ine±cient when (u t ) and (v t ) are correlated. Moreover, the tests based on the OLS estimator¦ n are generally invalid. For the test of the hypothesis
where¸: R`m ! R · is continuously di®erentiable with¯rst-order derivative ¤ = @¸=@¼ 0 ; ¼ = vec ¦, we may consider the Wald-type statistiĉ
where^n =¸(¦ n ),¤ n = ¤(¦ n ) and M n = P n t=1 x t x 0 t . For the practical implementation, of course, the longrun variance -11 of (u t ) must be estimated. The statistic has the limiting distributionT
2 . The asymptotic distribution of T n is thus nonstandard and dependent upon various nuisance parameters. See, e.g., Park and Phillips (1988) for the distribution theories for¦ n andT n .
For the e±cient estimation of ¦, we consider the procedure suggested by Saikkonen (1991) and Stock and Watson (1993) , which is based on the regressions augmented with the leads and lags of the¯rst-di®erenced regressors 4x t . Under Assumption 2.1, we may write
where (´t) is uncorrelated with (v t ) = (4x t ) at all leads and lags with variance -11¢2 = -11 ¡ -12 -
¡1
22 -21 , and
The reader is referred to Saikkonen (1991) and the references cited therein for the representation in (9).
We are therefore led to consider the regression
are absolutely summable, we may well expect that the error (´p t ) will become close to (´t) if we let the number p of included leads and lags of the di®erenced regressors increase appropriately as the sample size n grows. Indeed, Saikkonen (1991) shows that if we let p ! 1 such that p 3 =n ! 0 and n 1=2 P jkj>p j¦ k j ! 0, then the regression (10) is asymptotically equivalent to
In particular, the OLS estimator¦ n of ¦ in regression (10), which we call the e±cient OLS estimator, has the asymptotics given by
which is precisely the same as the asymptotics of the OLS estimator of ¦ from regression (11).
22 -21 relative to the variance -11 of B 1 . The asymptotic variance of¦ n is therefore smaller than that of¦ n . Moreover, B 1 ¡ -12 -¡1 22 B 2 is independent of B 2 , and consequently the limiting distribution of¦ n is mixed normal, which is quite a contrast to the nonstandard limit theory of¦ n . As a result, the usual chi-square test is valid if we use a test statistic based on¦ n . Indeed, for testing the hypothesis (6), we may usẽ
where~n =¸(¦ n ) and¤ n = ¤(¦ n ) are de¯ned similarly as^n and¤ n introduced in (7), and M nn is the matrix de¯ning the sample covariance of¦ n , which corresponds to M n for ¦ n given also in (7). Then it follows thatT
As before, -11¢2 should be consistently estimated for practical applications.
In what follows, we reestablish the asymptotics for the augmented regression (10) using a weaker condition on the expansion rate for p, relative to the one required by Saikkonen (1991) . We assume Assumption 2.3 Let p ! 1 and p = o(n 1=2 ) as n ! 1.
Our condition on p is substantially weaker than the one used in Saikkonen (1991) . Our upper bound for p is extended to o(n 1=2 ) compared to his o(n 1=3 ). Moreover, we do not impose any restriction on the minimum rate at which p must grow. Thus we may allow for the logarithmic rate that is usually imposed for the common order selection rules such as AIC and BIC. The logarithmic rate, however, is not allowed in Saikkonen (1991) unless (¦ k ) decreases at a geometric rate. The rate for p here is therefore valid for more general stationary process (w t ), as can be seen clearly in our proof for the following lemma.
Lemma 2.4 Under Assumptions 2.1 and 2.3, we have (12) and (14) as n ! 1.
The asymptotics established in the above lemma will be used as a basis for the subsequent development of our bootstrap asymptotics.
Bootstrap Procedures and Their Asymptotics 3.1 Bootstrap Procedures
In this section, we introduce the bootstrap procedures for our cointegrating regression model (1) and develop their asymptotics. For our bootstrap procedures introduced below, we may use various consistent estimates for ¦. Therefore, we use the generic notation ¦ n to denote any estimate of ¦ that is n-consistent. More explicitly, we let ¦ n =¦ n ;¦ n ; ¦ 0 where¦ n and¦ n are the OLS estimators of ¦ in regressions (1) and (10), respectively, and ¦ 0 denotes the hypothesized or estimated value of ¦ under the restriction given by the hypothesis (6). Other estimates of ¦, which are asymptotically equivalent to any of these estimators, can also be used.
The cointegrating regression model (1) with the speci¯cation (2) of its stationary component as a linear process can be bootstrapped using the standard sieve method. The method of sieve bootstrap requires to¯t the linear process (w t ) to a¯nite order VAR with the order increasing as the sample size grows. We may rewrite (w t ) as a VAR (2) is invertible, and therefore it is reasonable to approximate (w t ) as a¯nite order VAR
with
The order q of the approximated VAR is set to increase at a controlled rate of n, as we will specify below. In practice, it can be chosen by one of the commonly used order selection rules such as AIC and BIC.
Assumption 3.1 Let q ! 1 and q = o(n 1=2 ) as n ! 1.
The required condition on the expansion rate for q in Assumption 3.1 is identical to that for p given in Assumption 2.3.
Outlined below are the necessary steps for obtaining the bootstrap samples (x ¤ t ) and (y ¤ t ) for (x t ) and (y t ), respectively.
Step 1: Fit regression (1) to obtain (û t ), i.e.,
As mentioned above, we may use various estimates ¦ n of ¦ here.
Step 2: Apply the sieve estimation method to the VAR (15) of (ŵ t ) to get thē tted values (" qt ) of (" qt ), i.e.,
Obtain (" ¤ t ) by resampling the centered¯tted residuals
and construct the bootstrap samples (w ¤ t ) recursively using
given the initial values w ¤ t = w t for t = 0; : : : ; 1 ¡ q. This step amounts to the usual sieve bootstrap for (ŵ t ).
Step 3:
The estimate ¦ n of ¦ here need not be the same as the one used in Step 1.
The bootstrap samples (x ¤ t ) and (y ¤ t ) can be used to simulate the distributions of various statistics as explained below.
Discussions on some practical issues arising from the implementation of our bootstrap method are in order. First, the choice of an estimator ¦ n for ¦ should be made in Steps 1 and 3. The choice in Step 3 is not important, as long as we regard the chosen estimate as the true parameter for the bootstrap samples. The choice of ¦ n for ¦ we use in Step 1, however, is very important, as it would a®ect the subsequent bootstrap procedure in Steps 2 and 3. In particular, the order selection rule applied to determine the model in Step 2 can be very sensitive to the choice of ¦ n made in Step 1. Naturally, we recommend to use the best possible estimate, i.e., the most e±cient estimate available incorporating all restrictions for the hypothesis testing. This is what is observed by Chang and Park (2002b) for the bootstrap unit root tests. Li and Maddala (1997) also¯nd that using the true value in Step 1 yields the best result for the bootstrap hypotheses tests. Second, the initializations for the generations of (w ¤ t ) and (x ¤ t ) are necessary respectively in Steps 2 and 3. The choices w ¤ t = w t for t = 0; : : : ; 1 ¡ q and x ¤ 0 = x 0 make the results conditional on these initial values of the samples. To reduce or eliminate such dependencies, we may generate su±ciently large number of (w ¤ t ) and retain only last n drawings, or include a constant so that the estimate ¦ n of ¦ is independent of the initial value of (x ¤ t ). We consider the bootstrap version of regression (1) given as
which yields the bootstrap estimator for the usual OLS, viz.,
We also look at the bootstrap version of regression (10), which we write as
The e±cient bootstrap OLS estimator, i.e., the OLS estimator from regression (18), is given by¦
In both regressions (17) and (18), we denote by ¦ n the estimate of ¦ used to generate the bootstrap samples (y ¤ t ) from (x ¤ t ) and (u ¤ t ). Note that in regression (18) the coe±cients of the leads and lags of the di®erenced regressors depend on the realized samples, which we signify by attaching the superscript \¤" to the coe±cients ¦ k 's. The test statisticŝ
n which are constructed from the bootstrap OLS and e±cient estimators,¦ ¤ n and¦ ¤ n , analogously as as their sample counterpartsT n andT n de¯ned in (7) and (13). For the de¯nitions of the bootstrap statisticsT ¤ n andT ¤ n , we may use the longrun variance estimate obtained from each bootstrap sample, say -¤ 11 and -¤ 11¢2 , in the places of the sample estimates-11 and-11¢2 . This would not a®ect any of our subsequent results, since we only consider thē rst order asymptotics.
Bootstrap Asymptotics
The asymptotic theories of the estimators¦ ¤ n and¦ ¤ n can be developed similarly as those for¦ n and¦ n . To develop their asymptotics, we¯rst establish the bootstrap invariance principle for (" ¤ t ). We have Lemma 3.2 Under Assumptions 2.1 and 3.1,
as n ! 1.
Roughly, Lemma 3.2 allows us to regard the bootstrap samples (" ¤ t ) as iid random variables with¯nite a-th moment, given a sample realization. Following the usual convention, we use the notation P ¤ to denote the bootstrap probability conditional on the samples. The notation E ¤ signi¯es the expectation taken with respect to P ¤ , for each realization of the samples.
To develop the bootstrap asymptotics, it is convenient to introduce the bootstrap stochastic order symbols o ¤ p and O ¤ p , which correspond respectively to o p and O p . Let ² > 0 be given arbirarily, and M > 0 be chosen accordingly. For a bootstrap statistic T ¤ n , we de¯ne T
(1) if and only if P fP ¤ fjS ¤ n j < ²g > ²g < ² for all large n, and
for all large n. They all satisfy the usual rules applicable for o p and O p . See Chang and Park (2002b) for more details. In particular, whenever
analogously as W n introduced earlier in Section 2, and let W be a vector Brownian motion with variance §. It follows from the strong approximation result in Lemma 2.2 applied to the bootstrap samples (" ¤ t ) that we may choose W ¤ n satisfying
for (c n ) and K given exactly as in Lemma 2.2. Note in particular that K does not depend on the realization of the samples. However, due to the result in Lemma 3.2, we have
as long as a > 2, and consequently
An`in probability' version of the bootstrap invariance principle is therefore established for the bootstrap samples (" ¤ t ). The corresponding invariance principle for (w ¤ t ) can also be derived easily. We let
Then we may deduce after some algebra that
where ¹ w ¤ t =â(1)
(1)
[nr]
It is thus well expected that the invariance principle holds for (w ¤ t ) ifâ(1) ! p ª(1) and sup 0·r·1 jR ¤ n (r)j = o ¤ p (1). Let B be the vector Brownian motion introduced in (5). Then we may indeed show that Theorem 3.3 Under Assumptions 2.1 and 3.1, we have
Then we have Lemma 3.4 Under Assumptions 2.1 and 3.1, we have
The limit distributions of the bootstrap OLS estimator and the associated statistic can now be obtained easily from Lemma 3.4, and are given in the following theorem. Let ¿ and Q be de¯ned as in (8).
Theorem 3.5 Under Assumptions 2.1 and 3.1, we have
The bootstrap is therefore consistent for the OLS regression. The bootstrap estimator ¦ ¤ n has the same limiting distribution as¦ n . Therefore, in particular, the bootstrap can be used to remove the asymptotic bias in¦ n , since the bootstrap distribution has the same asymptotic bias as the sample distribution. The bias corrected OLS estimator de¯ned bŷ
does not have asymptotic bias, and is thus expected to have smaller bias in¯nite samples as well. Hypothesis testing can also be done using the OLS estimator, if the critical values are obtained from the bootstrap distribution. For example, consider the test of the hypothesis (6). If we let c ¤ (®) be the bootstrap critical value given by
for a prescribed size ®, then we have
as n ! 1. Therefore, the bootstrap test has the asymptotically correct size. We now consider the asymptotics for the bootstrap e±cient estimator¦ ¤ n obtained from (18). Denote by f ¤ (¸) and ¡ ¤ (k), respectively, the spectral density and autocovariance function of (w ¤ t ). For all bootstrap samples yielding spectral density bounded away from zero and absolutely summable autocovariance function, we would have the representation
where P 1 k=¡1 j¦ ¤ k j < 1 and (´¤ t ) are uncorrelated with (v ¤ t ) at all leads and lags. As shown in Lemma A3 in Appendix, we have
It therefore follows that
for some ² > 0 and
! p 1 since f (¸) is bounded away from zero and ¡(k) is absolutely summable. We may therefore deduce that the probability of realization of samples which allow for the representation (19) approaches to one as the sample size increases. The bootstrapped augmented regression (18) is therefore well justi¯ed. Similarly as for the asymptotic equivalence between the sample regressions (10) and (11), we have the bootstrap asymptotic equivalence between the regression (18) and
for the inference on ¦ n . We de¯ne
Then we have Lemma 3.6 Under Assumptions 2.1, 2.3 and 3.1, we have
as n ! 1. Therefore, the bootstrap asymptotics for the regressions (18) and (20) are the same. Consequently it follows that Theorem 3.7 Under Assumptions 2.1, 2.3 and 3.1, we have
The limit distribution of the bootstrap e±cient estimator¦ ¤ n is equivalent to that of its sample counterpart¦ n , just as in the case for the OLS estimator. The associated statistics T ¤ n andT n also have the identical asymptotic distribution. The bootstrap consistency of the test statistic for cointegrating regression (1) therefore extends to the dynamic cointegrating regression (10) augmented with the leads and lags of the di®erenced regressors.
We may also consider the bias corrected estimator
for the e±cient estimator¦ n . Though it has no asymptotic bias, the correction may still reduce the bias in¯nite samples. Moreover, the bootstrap critical value for the testT n can be found P
for the size ® test. The bootstrap test based on b ¤ (®) would then have the correct asymptotic size, since P
as n ! 1. Note thatT n is asymptotically pivotal, unlikeT n whose limiting distribution depends on various nuisance parameters. Therefore, the bootstrap test based onT n may provide an asymptotic re¯nement. In this case, the bootstrap test utilizing the bootstrap critical valuesc ¤ (®) would yield rejection rates closer to the nominal values, compared to the test relying on the asymptotic chi-square critical values.
Simulations
In this section, we conduct a set of simulations to investigate¯nite sample performances of the bootstrap procedures in the context of cointegrating regressions. Our simulations are based on the simple bivariate cointegrating regression model
where the regression error (u t ) and the innovation (v t ) for the regressor (x t ) are generated as stationary AR (1) processes given by
The innovations (" t ), " t = (" 1t ; " 2t ) 0 , are drawn from bivariate normal distribution with covariance matrix § = µ 1 ½ ½ 1 ¶ Our simulation setup is entirely analogous to that of Stock and Watson (1993) . In our simulations, we set ' 1 = 0:6, ' 2 = 0:3, ½ = 0:5, and ¼ = 0; 0:1. We consider two least squares regressions
and compare the¯nite sample performances of the estimators1 n and1 n and the test statisticsT n andT n based respectively on1 n and1 n . Note that our simulation setup introduces nonzero asymptotic correlation between the regressor and the regression error in regression (21), causing the asymptotic bias of1 n and the invalidity ofT n . The problems are however expected to vanish, at least asymptotically, in regression (22). As explained earlier,1 n has no asymptotic bias, and the test usingT n is asymptotically valid. For our simulation setup, we have in regression (22)
Notice that (´t) de¯ned as above are uncorrelated with (" 2t ) at all leads and lags, and therefore are orthogonal also to (v t ) at all leads and lags, which is required for the validity of the model (22) as an e±cient cointegrating regression introduced in (10).
To examine the e®ectiveness of the bootstrap bias correction, the¯nite sample performances of1 n and1 n are compared to those of the bias corrected estimators1 c n and1 c n , in terms of bias, variance and mean square error (MSE). For the sake of comparisons, the scaled biases, variances and MSE's for the estimators1 n ,1 n ,1 c n and1 c n are computed. For the test statistics, we compute the rejection probabilities under both the null and the alternative hypotheses, for which we set the value of ¼ respectively at 0 and 0:1. Rejection probabilities are obtained using the critical values from Â 2 1 distribution for the sample test statistics,T n andT n , and from the bootstrap distribution for the bootstrap tests,T ¤ n andT ¤ n . The simulation results are presented in Tables 1, 2 and 3, respectively for the models with no deterministic components, with drift and with a linear trend. We use the superscripts \¹" and \¿ " to signify that the associated estimators/tests are computed from the models with drift and with a linear trend. Samples of sizes n = 25; 50; 100 and 200 are considered. For each case, 5000 samples are simulated, and for each of the simulated samples, 1000 bootstrap repetitions are carried out to compute bootstrap estimators and test statistics.
The simulation results are largely consistent with the theory derived in the paper. The bias of1 n is quite noticeable and does not vanish as the sample size increases. It turns out, however, that the bootstrap is quite e®ective in reducing the bias of1 n . The bootstrap reduces the bias of1 n substantially in all cases that we consider in our simulations, and the bias reduction becomes more e®ective as the sample size increases. In some of the reported cases, the bias corrected estimate has bias as small as approximately 2% of that of1 n . On the other hand, the bootstrap bias correction has little impact on the sampling variation.
The sample variances of1 c n are roughly comparable to, or even slightly larger than, those of1 n . The bootstrap also reduces the bias in1 n , albeit the magnitudes of improvements are not comparable to those for1 n . Clearly,1 n is asymptotically unbiased, and thus there is not as much room for improvement in1 n as in1 n . The bootstrap does not reduce the sampling variations for1 n , just as for1 n , and1 c n has no smaller sample variances. For both estimators, the bootstrap bias corrections become relatively more important for models with a mean or a linear trend.
It appears that the bootstrap generates quite precise critical values for both testsT n andT n , even when the sample sizes are small. In particular, the performance ofT ¤ n is quite satisfactory. The testT n is invalid, and naturally, yields the rejection probabilities under the null that are very distinct from its nominal test sizes. However, its bootstrap versionT ¤ n has quite accurate null rejection probabilities even for small samples. As expected, the test T n based on the e±cient estimator1 n performs much better than its OLS counterpartT n in terms of the rejection probabilities under the null. Its bootstrap versionT ¤ n also improves thē nite sample performances ofT n . While the null rejection probabilities of both bootstrap testsT ¤ n andT ¤ n approach to the nominal values as the size of samples increase, the bootstrap e±cient testT ¤ n does better in small samples than its OLS counterpartT ¤ n . This is more so for models with a mean or a linear trend. Due to the presence of non-uniform size distortions, the¯nite sample power comparisons betweenT n andT n and their bootstrap counterpartsT ¤ n andT ¤ n are not clear. It just seems that they are all roughly comparable.
Conclusion
In this paper we consider the bootstrap for cointegrating regressions. We introduce the sieve bootstrap based on a VAR of order increasing with the sample size, and establish its consistency and asymptotic validity for two procedures: the usual OLS and the e±cient OLS relying on the regressions augmented with the leads and lags of the di®erenced regressors. For the usual OLS, the bootstrap can thus be employed to correct for biases in the estimated parameters, and to compute the critical values of the tests. With the bootstrap bias correction, the OLS estimator becomes asymptotically unbiased. Moreover, the OLS-based tests become asymptotically valid, if the bootstrap critical values are used. The bootstrap OLS method, however, is not e±cient. For the e±cient inference, we should base our bootstrap procedure on the e±cient OLS method. The sieve bootstrap proposed in the paper appears to improve upon the e±cient OLS method in¯nite samples. It generally reduces the¯nite sample biases for the estimators and yields sizes that are closer to the nominal sizes of the tests. The theory and method developed in the paper can be used to analyze more general cointegrated models. The models with deterministic trends and/or structural breaks can be analyzed similarly. The error correction models, seemingly unrelated and panel cointegration models are other examples, to which our theory and method are readily applicable. Indeed, the required modi¯cations of the theory and method for such extensions are minimal, and can be applied only with some obvious adjustments. The theory discussed in the paper is concerned only with the consistency of the bootstrap. For the pivotal statistics, however, it might well be the case that the bootstrap provides the asymptotic re¯nements as well. Our simulation study in the paper is in fact somewhat indicative of this possibility. Moreover, it appears that the theoretical illustration for the asymptotic re¯nement is possible using the techniques developed in Park (2000) to establish the bootstrap re¯nement for the unit root tests.
Mathematical Proofs
Useful Lemmas and Their Proofs
We consider the regression
which is the¯tted version of regression (15). Since ¦ n is consistent, it is well expected that the¯tted regression (23) with (w t ) should be asymptotically equivalent to the¯tted regression (16) with (ŵ t ) introduced in Step 1 of our bootstrap procedure.
Lemma A1 Under Assumptions 2.1 and 3.1, we have as n ! 1
Proof of Lemma A1 It follows immediately from the de¯nition of (ŵ t ) that
However, we have max
we have
The rest of the proof is rather straightforward, and we omit the details. Moreover, denote by f the spectral density of (w t ). Then we have Lemma A2 Under Assumption 2.1, we have°°°M
for all ·¸1.
Proof of Lemma A2 Let c · 2 R · be an eigenvector associated with the smallest eigenvalue¸m in of M ·· . De¯ne ' · (¸) = (e i¸; : : : ; e i·¸)0
and use \¹" to denote its cojugate. It follows thaţ
However, we have°°°M ¡1 ··°°°=¸¡ 1 min from which the stated result can be deduced immediately.
Lemma A3 Under Assumptions 2.1 and 3.1, we have
Proof of Lemma A3 Given Lemma A1, the stated results are just straightforward extensions of Lemma A2 in Chang and Park (2002b) . Here we only obtain`in probability' versions, instead of`almost sure' versions, since the results in Lemma A1 hold only in probability.
Lemmma A4 Under Assumptions 2.1 and 3.1, we have
uniformly in i and j, as n ! 1.
Proof of Lemma A4 Once again, the stated result follows exactly as in Lemma A4 in Chang and Park (2002b) , due to Lemma A1, under some obvious modi¯cations to deal with multiple time series.
Lemmma A5 Under Assumptions 2.1, 2.3 and 3.1, we have
Proof of Lemma A5
The proof is essentially identical to that of Lemma 3.3 in Chang and Park (2002b) .
Lemma A6 Under Assumptions 2.1, 2.3 and 3.1, we havē
Proof of Lemma A6 De¯ne (â pk ) such that
as one may easily deduce.
To show the¯rst part, we write for 1
It is easy to see
uniformly in 1 · i · p. However, we have as in the proof of Lemma 3.1 in Chang and Park (2002a) 
uniformly in 1 · i · p, and (24) follows immediately. To prove the second part, we de¯ne
so that z
We have
We also have similarly as in the proof of the¯rst part
Moreover, we have as in the proof of Lemma 3.1 in Chang and Park (2002a) 
The second part can now be easily deduced from (26) and (27) -(29). The proof is therefore complete.
Proofs of Lemmas and Theorems
Proof of Lemma 2.2 The stated result follows from Einmahl (1987) . In particular, he shows that his Equation 1.3 holds for all ± when 2 < s < 4, and for ±¸K°s n with°< 1=(2s ¡ 4) when s¸4, in his notation. In either case, his ± is greater than our n 1=a+± with any ± > 0 as long as n is su±ciently large. His result is therefore applicable as we formulate here. To get the stated result, it su±ces to show that
Proof of Lemma 2.4 We write
under Assumptions 2.1 and 2.3.
In the subsequent proof, we use°°°°°1
which are the multivariate extensions of the results established in Chang and Park (2002a) . The required extensions are straightforward and the details are omitted. It follows immediately from (30) and (31) that
s one may easily see. We now show that
We may show as in the proof of Lemma 3.1 of Chang and Park (2002a) that
Moreover, we have¯n
uniformly in i for jij · p. It therefore follows that
as was to be shown.
Proof of Lemma 3.2 Given the result in Lemma A1, the proof is the trivial extension of the proof of Lemma 3.2 in Park (2002) . The details are, therefore, omitted.
Proof of Theorem 3.3 To derive the bootstrap invariance principle for (w ¤ t ) from that of (" ¤ t ), we need to show© (1) ! p ©(1)
and
for any ² > 0. Let©(1) be de¯ned exactly as©(1) using the¯tted coe±cients (© k ) in regression (23). It follows immediately from Lemma A1 that ©(1) =©(1) + O p (n ¡1=2 q)
Moreover, we may deduce as in the proof of Lemma 3.5 in Chang and Park (2002a) that
using the result in Shibata (1981) . We therefore havê ©(1) = ©(1) + o p (1) and obtain (32). The proof of (33) is essentially identical to the proof of Theorem 3.3 in Park (2002) . 
